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The notion of chiral prime concatenations is studied as a recursive construction of prime numbers starting
from a seed set and with appropriate blocks to define the primality growth, generation by generation, either from
the right or from the left. Several basic questions are addressed like whether chiral concatenation is a symmetric
process, an endless process, as well as the calculation of largest chiral prime numbers. In particular, the largest
left-concatenated prime number is constructed. It is a unique prime number of 24 digits. By introducing
anomalous left-concatenations of primes we can surpass the limit of 24 digits for left-concatenated primes.
It is conjectured that prime numbers are left chiral under anomalous concatenations.
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I. INTRODUCTION
Integer sequences of prime numbers abound [1]. One of the
most important questions for them is whether they are infinite
sequences of prime numbers. The infinitude of the primes
was proved by Euclid [2] in a beautiful theorem. However,
the infinitude of the sequence of twin prime numbers is one of
the major open problems in number theory [3]. We study here
two series of prime numbers constructed with the method of
concatenation. Interestingly, the issue of their finiteness can
be solved explicitly both for left and right concatenations.
A word of caution is in order: concatenation of prime num-
bers has nothing to do with super-prime numbers, also called
higher-order primes that corresponds to prime-indexed primes
(PIPs) [4, 5]. PIPs are primes forming a subsequence of the
prime series with primes placed at prime positions. That is, if
p(i) is the ith prime, then a super-prime is of the form p(p(i)).
This procedure can be iterated to produce even higher-order
of prime numbers [6]. Terminology is important since prime
concatenations were introduced originally under the name of
superprimes [7]. We further elaborate on the implications of
prime concatenations.
II. PRIME NUMBER PRIMER
An integer n ∈ N can be constructed via addition by start-
ing from the unit element 1 and summing as many 1s up to the
desired number n,
n :=
n∑
i=1
1 (1)
Trivial as this may sound, there is an important point in this
construction that will be of interest later on. Namely, as addi-
tion is a commutative operation, the construction of the integer
number n can proceed by adding 1s to the initial 1, starting ei-
ther from the left or from the right. The resulting integer n is
indistinguishable from which procedure we use, left or right.
The notion of prime number comes into play once the inte-
gers are constructed. Prime numbers are the elementary inte-
ger numbers with respect to multiplication: n is prime iff its
only divisors are 1 and itself. Then, the fundamental theorem
of arithmetic allows us to decompose any integer into prime
factors,
n =
∏
i=1,...,k
pnii = p
n1
1 p
n2
2 · · · pnkk , (2)
where p1 < p2 < . . . < pk are prime numbers and the ex-
ponents ni are positive integers. It is assumed by convention
that the empty product is equal to 1 (the empty product corre-
sponds to k = 0).
In this sense, the growth of prime numbers under addition
or multiplication is symmetrically distributed to the left or the
right. In other words, there is no chirality (preferred direc-
tion).
III. CONCATENATED PRIME NUMBERS
Let us introduce another way to construct prime numbers
called concatenation. Given two integers n and m, the con-
catenation of them, denoted as C[n,m], is another integer
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2Algorithm Prime Right-Concatenation
1 Set N: generation number
2 Sett Initialization S={2,3,5,7}
3 Set Blocks BR={1,3,7,9}
4 Set CR[1] = S
5 While k ≤ N do
6 Concatenate BR to the right of CR[k]
7 Apply Primality Test to CR[k]
8 Update CR[k] list of right-concatenated prime numbers
9 CR[k+1]← CR[k] end do
10 Output CR[N]
Table I: Pseudocode for generating right-concatenated prime num-
bers from the seed (6) and the building blocks (7).
given by the numerical expression of nm.
C[n,m] := nm. (3)
This is not to be confused by the multiplication n · m. For
example, if we take the first two primes 2 and 3, the resulting
concatenation
C[2, 3] := 23, (4)
is another prime integer, whereas if we concatenate 2 and 5
C[2, 5] := 25, (5)
is no longer a prime.
Now, we can think of concatenation as a tool to construct
new primes much as we do with the addition (1). Instead of
using the unit 1 as a seed, we use the four single-digit prime
numbers
S := {2, 3, 5, 7}. (6)
Concatenation is not a commutative operation unlike addition.
Thus, we can construct primes by left-concatenation or by
right-concatenation. Let us call them Chiral Prime Concate-
nations. This notion is base dependent. We shall be concerned
with primes in decimal base. The resulting list of primes will
be different. We consider first right-concatenation.
A. Right-Concatenated Prime Numbers
From the first generation of prime numbers given by (6),
we can construct the second generation by concatenating to
the right of S all possible one-digit odd integers excluding the
5. Denote this set of right-concatenating blocks as
BR := {1, 3, 7, 9}. (7)
Excluding the 5 avoids composite integers in the concate-
nation, but nevertheless it is not guaranteed that the right-
concatenated integer constructed in this way is prime. Thus,
upon right-concatenation of S with BR, we obtain the follow-
ing list,
{{21, 23, 27, 29}, {31, 33, 37, 39},
{51, 53, 57, 59}, {71, 73, 77, 79}}. (8)
Figure 1: The number of primes obtained by right-concatenation
CR[n] using the algorithm of Table I as a function of the generation
number n. After the generation n = 8 the right-concatenation pro-
cedure stops [7].
Selecting the prime numbers from this list we arrive at the sec-
ond generation of right-concatenated prime numbers, denoted
as
CR[2] := {23, 29, 31, 37, 53, 59, 71, 73, 79}. (9)
The third generation of right-concatenated primes is obtained
by right-concatenation of CR[2] with BR and discarding the
resulting non-prime integers. The result is
CR[3] :={233, 239, 293, 311, 313, 317, 373, 379,
593, 599, 719, 733, 739, 797}. (10)
And so on and so forth. A natural question arises: is the list
of right-concatenated prime numbers endless, i.e., infinite? It
is easy to program a first order recursion relation based on the
seed S and the blocks BR in order to produce all the genera-
tions sequentially. See Table I for a pseudocode of the algo-
rithm. Interestingly enough, the sequence ends after the 8th
generation. Thus, there are no right-concatenated prime num-
bers of nine digits or bigger.
Notice that all digits in the right-concatenated primes are
odd numbers except for the digit 2 appearing as a seed (see
App.A) to avoid even divisors. This is a consistency check of
the algorithm. This is in sharp contrast with left-concatenated
prime numbers for which digits with even numbers abound
(see Sec.III B).
It is interesting to plot the number of right-concatenated
prime numbers per generation. This is shown in Fig.1. Af-
ter reaching a maximum, it falls down to zero. Notice that
the largest right-concatenated prime number is not unique (see
App.A). The behaviour of this plot is discussed in Sec.IV.
B. Left-Concatenated Prime Numbers
The construction of left-concatenated prime numbers starts
with the same set of seeds (6), but now the set of blocks is
3Algorithm Prime Left-Concatenation
1 Set N: generation number
2 Sett Initialization S={2,3,5,7}
3 Set Blocks BL={1,2,3,4,5,6,7,8,9}
4 Set CL[1] = S
5 While k ≤ N do
6 Concatenate BL to the left of CL[k]
7 Apply Primality Test to CL[k]
8 Update CL[k] list of right-concatenated prime numbers
9 CL[k+1]← CL[k] end do
10 Output CL[N]
Table II: Pseudocode for generating left-concatenated prime numbers
from the seed (6) and the building blocks (11).
enlarged to include any single digit integer:
BL := {1, 2, 3, 4, 5, 6, 7, 8, 9}. (11)
Notice that we can remove the 2 from the seed since after the
first generation, it will produce no primes because the only
even prime number is 2. The reason to avoid the 0 in BL
is clearly different than in the right-concatenations where it
gives divisible numbers. Firstly, we want to define concate-
nation by a single-step recursion relation in order to have a
well-defined control over its growth and to be able to find
concrete results unambiguously. Secondly, we remove the 0
in order to have digits in BL that are on equal footing among
themselves. If we allow the 0 in the growth process from the
left then we may add arbitrarily large numbers of 0s and then
add some non-zero digit producing a prime number. To avoid
these gaps of 0s we add the constraint of removing the 0 from
BL. In Subsec.III C. we consider this case explicitly.
The second generation of left-concatenated prime numbers
is obtained by concatenating BL to the left of the seed S.
Thus,
CL[2] := {13, 17, 23, 37, 43, 47, 53, 67, 73, 83, 97}. (12)
Similarly, we can program a first order recursion relation start-
ing from the seed BL and concatenate to the left with the
blocks of BL. See Table II for a pseudocode of the algorithm.
The largest left-concatenated prime is unique and appears
at the 24th generation:
CL[24] := {357686312646216567629137}. (13)
It is generated from the prime number 7. By removing the
digits from left to right, we obtain the largest sequence possi-
ble of prime numbers. The resulting integer prime sequence
is shown in App.B. In the prime number CL[24], half of the
digits are odd numbers and half are even numbers. Among
the even digits, the 6 is the one that appears the most: seven
times. Next comes the 2 with three times and the 4 and the
8 once apiece. Among the odd digits, the 1, the 3 and the
7 appear three times each, whereas the 5 appears twice and
the 9 only once. The largest subsequence of even numbers
has length five: 26462. By removing digits from the right
we obtain non-prime numbers until arriving to the following
sequence of seven digits 3576863 that turns out to be prime
Figure 2: The number of primes obtained by left-concatenation
CL[n] using the algorithm of Table II as a function of the genera-
tion number n. After the generation n = 24 the left-concatenation
procedure stops.
again. Interestingly enough, left-concatenated prime numbers
at generations 23rd, 22nd and 21st are also generated from the
7, though not unique, namely,
CL[23] :={57686312646216567629137,
95918918997653319693967,
96686312646216567629137}.
(14)
CL[22] :={5918918997653319693967,
6686312646216567629137,
7686312646216567629137,
9918918997653319693967}.
(15)
CL[21] :={315396334245663786197,
367986315421273233617,
666276812967623946997,
686312646216567629137,
918918997653319693967}.
(16)
It is only at the generation 20th that a new contribution appears
from the prime 3,
CL[20] :={15396334245663786197,
18918997653319693967,
36484957213536676883,
66276812967623946997,
67986315421273233617,
86312646216567629137}.
(17)
C. Anomalous Left-Concatenations of Primes
By definition, left-concatenations of primes that allow the
0 to be included in the set of blocks BL are called anomalous.
4To see the effect of this inclusion of 0, let us consider some
explicit example and how to make sense out of it.
Consider the 3 and left-concatenate with the 1 giving 13
that is prime. Then start introducing 0s in between 1 and 3 and
test for the primality of the resulting number. As we will be
soon dealing with very large number of digits, it is convenient
to use some notation. Denote 0 with a subscript meaning the
number of 0s coded. For instance, ·02· = 00, ·03· = 000 etc.
The following series of numbers with 1 and 3 at the ends are
prime numbers:
103
1 · 04 · 3
1 · 05 · 3
1 · 010 · 3
1 · 016 · 3
1 · 017 · 3
1 · 038 · 3
(18)
At this point, we have arrived at a prime of 40 digits. By
removing the 1 on the left we have two options. Either to
allow the 0s in the gap as valid degenerate digits or to discard
them all as a zero to the left. In the former case we would have
a left-concatenated prime of 40 digits whereas in the latter
case the prime would be only 2 digits long. This process can
be repeated with the 7 replacing the 3 yielding the following
series of prime numbers:
107
1 · 03 · 7
1 · 07 · 7
1 · 08 · 7
1 · 023 · 7
1 · 059 · 7
(19)
Now, by including the 0 in BL we can introduce a gap of 0s
to the left of the left-concatenated prime number of 24 digits
(13) and produce the following prime number:
1 · 041 · 357686312646216567629137 (20)
If we count the 0s in the gap as degenerate digits the left-
concatenated number would have 66 digits, but in the stronger
case of counting all the 0s as nothing the resulting prime has
still 25 digits surpassing the value of (13). This process can
go on to obtain new anomalous left-concatenated primes of
larger number of digits. In Sec.IV we introduce the notion of
left-chiral prime numbers and discuss its consequences.
We may call the prime numbers with a gap of 0s in be-
tween as in (18) and (19) gapped prime numbers. Another
instance of this is (20). Following with this analogy with
the energy spectra structures, we may think of the standard
left-concatenated primes of Sec.III B as gapless prime num-
bers. That is, as a band of prime numbers without gaps, i.e.,
as a metal prime. Furthermore, we can extend the analogy
by using the blocks of left-concatenated prime numbers and
concatenate them to the left with gaps of zeros. For exam-
ple, these are two doublets of left-concatenated primes in (12)
separated by a gap of zeros:
13 · 05 · 9. (21)
We can produce more complicated structures like two prime
bands separated by a gap of zeros,
15396334245663786197 · 038 · 36484957213536676883,
(22)
where the blocks of primes to the left and right are instances
of left-concatenated prime numbers from the twentieth gen-
eration (17). A word of caution is in order: notice that in
the composite prime numbers (21) and (22), they are left-
concatenated prime numbers by blocks but not digit by digit
as in (20).
By continuing enlarging the size of the gap of zeros we may
increase the size of these prime numbers easily. It is tempting
to compare this sequence of prime numbers with the sequence
of Mersenne prime numbers [8] as an alternative route to con-
struct the largest prime number known. Fast algorithms for
searching Mersenne primes exists and with them it has been
able to find the largest prime number known up to date [9].
IV. UNSOLVED PROBLEMS
Chiral concatenation of prime numbers provide a method to
construct sequences of prime numbers that is amenable to sim-
pler studies than other well-known prime number sequences.
There are many ways to generate prime numbers sequentially.
Some famous sequences are:
i/ Dirichlet arithmetic progressions.
ii/ Fibonacci prime numbers.
iii/ Bell prime numbers.
iv/ Delannoy prime numbers.
A very difficult question is to determine whether prime se-
quences are infinite or not. The sequence of prime numbers
itself was proven to be infinite by Euclid [2] with a proof that
is the first notion of a theorem in the history of Mathemat-
ics. Dirichlet arithmetic progressions extends Euclid’s theo-
rem in the sense that there are infinitely many prime num-
bers forming arithmetics progressions. The proof is due to
Dirichlet [10] and it admits several generalizations. Fibonacci
prime numbers are Fibonacci numbers that are also prime. In
this case, it is not known whether there are an infinite num-
ber of Fibonacci primes [11]. Similarly, Bell prime numbers
are Bell numbers that are also prime. A Bell number counts
the number of partitions of a set of n elements. It is also
unknown whether the set of Bell prime numbers is infinite
[1]. Delannoy numbers are generalizations of king’s walks in
the chess game. When they are prime they become Delannoy
prime numbers and it also happens that it is an open question
whether the Delannoy prime series is infinite [1].
And the list of integer sequences of primes goes on an on
and the question on its finiteness remains open [1]. In this
context, what is interesting about the integer sequence of chi-
ral concatenated prime numbers is that its finiteness can be
5analyzed exactly. Thus, the problem of finiteness for chiral
concatenations of prime numbers is solved by the following
results:
Proposition R: Largest Right-Concatenated Prime is Finite.
The following statement is false: Denote CR[L] an element
of the set CR[L], i.e., a right-concatenated prime number with
L digits. ∀n0 ∈ N,∃L ∈ N, L > n0 such that if CR[L] is
prime then CR[L+ 1] is also prime.
This is a consequence of the set CR[9] = ∅ being empty.
There are not right-concatenated prime numbers of arbitrary
length. Similarly for the left-concatenated prime numbers as
a consequence that the set CL[25] = ∅ is empty.
Proposition L: Largest Left-Concatenated Prime is Finite.
The following statement is false: Denote CL[L] an element
of the set CL[L], i.e., a left-concatenated prime number with
L digits. ∀n0 ∈ N,∃L ∈ N, L > n0 such that if CL[L] is
prime then CL[L+ 1] is also prime.
Unsolved: Provide a mathematical proof of Proposition R us-
ing arguments without a computer program.
Unsolved: Provide a mathematical proof of Proposition L us-
ing arguments without a computer program.
As a consequence of the notion of anomalous prime con-
catenations introduced in Sec.III C there is another interesting
open question:
Unsolved: Determine whether the series of anomalous left-
concatenated primes is infinite.
We may define a chirality of the prime numbers when ei-
ther the sequence of right-concatenated or left-concatenated
is infinite. We have seen that as both are finite, prime num-
bers are non-chiral. Nevetheless, there exists a clear differ-
ence in the growth of the left-concatenations and the right-
concatenations of primes. In addition, we have indications to
conjecture that prime numbers are left-chiral under anomalous
left-concatenations.
Unsolved: Let ni, i = 1 . . . B be the set of positive integers
corresponding to the lengths of the blocks of left-concatenated
primes chosen from the sets of generations CL[n] with 2 ≤
n ≤ 24. B refers to the number of bands in the analogy with
energy spectra. Determine whether there exist an integer B ≥
2 such that a n1 − . . . − nB-block left-concatenated prime
number that is also left-concatenated digit by digit, with ni ≥
2.
A simple example of this is the prime number (20) for n1 =
24, n2 = 1, but the question is for integers ni > 1.
It is interesting to speculate what would happen if one or
both propositions L/R were false. In particular, whether the
existence of infinite sequences of concatenated prime num-
bers would violate any of the known results in the theory of
primes. This would be a way to prove propositions L/R by re-
ductio ad absurdum. One of the best known properties of the
prime numbers is the prime number theorem [12] that dictates
asymptotically the distribution of prime numbers among the
integers. This is quantified with the prime counting function
denoted as pi(N) that counts how many primes there are below
a given integer N . It behaves asymptotically as pi(N) ∼ NlnN
for large N . It turns out that the figures 2 and 1 are compat-
ible with the prime number theorem. Let us focus on CL[n]
and the similar goes for CR[n]. Firstly, the initial growth of
CL[n] is due to the speed proportional to the number of ele-
ments in BL. As the left-concatenation is a first order recur-
sion, this produces an exponential growth. However, this can
not last for large values of n due to the prime number the-
orem and consequently, it must stop at some point. This is
why a maximum appears in Fig.2. Secondly, after the maxi-
mum is reached, the decreasing behaviour is compatible with
the asymptotic behaviour of the density of primes given by
pi(N)
N ∼ 1lnN , which is a decreasing function. In particular,
about n = 20 the density of left-concatenated primes is below
the density of primes.
V. CONCLUSIONS
The maximum generation of left-concatenated primes is 3
times longer than the right-concatenated primes: 24 vs. 8,
respectively. This asymmetry is natural since the number of
blocks to construct left-concatenations (11) from the same
seed set (6) is also bigger than the blocks used to make the
right-concatenations (7). None of the two concatenations pro-
duces an infinite sequence of integer sequence of prime num-
bers. In particular, the left-concatenation of prime numbers
produces a unique prime number with the nice property that
by removing its digits one by one from the left, the series of in-
teger numbers remains primal: 357686312646216567629137.
The whole series is shown in App.B. The limit of the 24th
generation of left-concatenated primes can be surpassed by
allowing for anomalous left-concatenations as introduced in
Sec.III C. This way, an analogy with the energy spectra can
be drawn in order to construct gapped primes, gapless primes,
banded primes and so on and so forth. Rephrasing R.P. Feyn-
man, there is plenty of room to the left.
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Appendix A: List of Right-Concatenated Prime Numbers
The remaining right-concatenated prime numbers not in-
cluded in Sec.III A are the following:
CR[4] :={2333, 2339, 2393, 2399, 2939,
3119, 3137, 3733, 3739, 3793, 3797,
5939, 7193, 7331, 7333, 7393}.
(A1)
6CR[5] :={23333, 23339, 23399, 23993, 29399,
31193, 31379, 37337, 37339, 37397,
59393, 59399, 71933, 73331, 73939}.
(A2)
CR[6] :={233993, 239933, 293999, 373379, 373393, 593933,
593993, 719333, 739391, 739393, 739397, 739399}.
(A3)
CR[7] :={2339933, 2399333, 2939999, 3733799,
5939333, 7393913, 7393931, 7393933}. (A4)
CR[8] :={23399339, 29399999, 37337999,
59393339, 73939133}. (A5)
Appendix B: Largest Sequence of Left-Concatenated Primes
Here it is shown the resulting integer prime sequence ob-
tained from the largest left-concatenated prime number (13)
by removing digits from the left, digit by digit.
7,
37,
137,
9137,
29137,
629137,
7629137,
67629137,
567629137,
6567629137,
16567629137,
216567629137,
6216567629137,
46216567629137,
646216567629137,
2646216567629137,
12646216567629137,
312646216567629137,
6312646216567629137,
86312646216567629137,
686312646216567629137,
7686312646216567629137,
57686312646216567629137,
357686312646216567629137.
(B1)
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